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Abstract -Given a finite group G and a number field k, a well-known conjecture asserts 
that the set Rj(A;, G) of Steinitz classes of tame G-Galois extensions of A: is a subgroup of the 
ideal class group of k. In this paper we investigate an explicit candidate for Jit{k, G), when 
G is of odd order. More precisely, we define a subgroup W{k,G) of the class group of k and 
we prove that Rtik, G) C W(A;, G). We show that equality holds for all groups of odd order 
for which a description of R((A;,G) is known so far. Furthermore, by refining techniques 
introduced in , we use the Shafarevich-Weil Theorem in cohomological class field theory, 
to construct some tame Galois extensions with given Steinitz class. In particular, this 
allows us to prove the equality Rt(A;, G) = W(A;, G) when G is a group of order dividing 
where d. is an odd prime. 

1 Introduction 

Let K/ k be an extension of number fields and let Ok and Ok be the rings of integers 
of K and k respectively. Then 

Ok = of ^'^^'^ © / 

as Ofc-modules, where I is an ideal in Ok which is determined by the extension K/k 
up to principal ideals. The ideal class of I is called the Steinitz class st{K/k) of the 
extension. 

For a number field k, denote by C\{k) the class group of k. If G is a finite 
group, one can consider the set of all Steinitz classes which arise from tame G-Galois 
extensions of k: 

Rt{k,G) = {xe C\{k) : 3 K/k tame Galois, Ga\{K/k) = G,st{K/k) = x}. 

There is no known description of Iit{k,G) in general, but in all cases for which it 
is known it turns out to be a subgroup of the ideal class group of k. This leads to 
formulate the following conjecture. 

Conjecture 1.1. For any number field k and any finite group G, Rt(A;, G) is a subgroup 
of C\{k). 

The conjecture is known to hold for abelian groups as a consequence of the results 
of the paper [13] by Leon McCulloh. An explicit description of Rt(fc, G) for abelian 



groups of odd order was first found by Lawrence Paul Endo in his unpublished PhD 
thesis llO], in which he also obtained some explicit results in the even case. 

Concerning nonabelian groups, there are a lot of results for groups of some parti- 
cular shape, however sometimes with restrictions on the base field k. A list of recent 
results includes ffl, 0, 0, [S], [7], [S], [Dj, m US], [20], m and 

The aim of this paper is to develop some new ideas to improve the results of [8] 
and [9]. In Section [2] we generalize [H Lemma 3.14], obtaining some limitations on 
the prime ideals which can ramify in tame Galois extensions of a number field with 
Galois group G. In particular, this gives an inclusion of Rt(/c,G) in an explicitly 
described subgroup of C1(A;), which we baptize W(/c, G) (see Definition 12. lip . It 
seems natural to ask whether this inclusion is always an equality for groups of odd 
order (see Question 12. ISp . while some results contained in [10] give counterexamples 
already for abelian groups of even order. Note, in particular, that a positive answer 
to Question 12.181 would have Conjecture 11.11 as a consequence (for groups of odd 
order) . 

In Section Owe extend the result of [Bj Proposition 3.13], using a theorem by 
Shafarevich and Weil as a tool to construct Galois extensions of a given number field. 
The main idea is to use some cohomological information encoded in the reciprocity 
map of an abelian extension of a number field, which is itself a Galois extension of a 
smaller field. 

In the last two sections we answer affirmatively to Question 12.181 for A'-groups 
of odd order (A'-groups have been introduced in see also Definition 14. ip and for 
^-groups of order up to i^, where i is an odd prime. 

The case of groups of prime power order already shows some interesting com- 
plications, since for instance a two-step approach corresponding to a given splitting 
of the group as a semidirect product is not always enough to obtain all the needed 
Steinitz classes. The difficulty here comes from those extensions with prime ideals 
ramifying in both steps which, contrary to the case of A'-groups, cannot be left out. 
More precisely, given an arbitrary element r G G, we need to exhibit tame G-Galois 
extensions such that r is a generator of the inertia group of some prime ideals be- 
longing to some prescribed ideal classes. To this aim, in Section El we develop a 
technique involving the construction of a larger Galois extension of the ground field, 
whose Galois group has G as a quotient (see the proof of Lemma [5. 8p . This method 
may be used to prove the equality Rt(fc,G) = >V(/c, G) for a lot of other groups G 
of some particular kind. Anyway, we do not believe that it is worth to include more 
examples and we feel that one probably needs significantly new ideas to get some 
more general results. 

2 Some necessary conditions for the ramification 
of prime ideals in tame Galois extensions 

For the rest of the paper we will use the letter G to denote a finite group. For any 
r G G, let Ng{t) (resp. Cg{t)) be the normalizer (resp. the centralizer) of the 
subgroup of G generated by r and let o(r) be the order of r. For a positive integer 
s, (s will denote a primitive s-th root of unity. Finally we will always use the letter 
£ only for rational prime numbers, even if not explicitly indicated. 
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For any r G G, we define a homomorphism 

by V5r(<7) = tt; where ara^^ = r". Furthermore, if /c is a number field, we need the 
cyclotomic character 



which is defined by Vk,T{g) = /3, where 5'(Co(r)) = Ctr)- Note that Vk,T is injective. 



We also set 

and we call Ek^cr the subfield of A;(Co(t)) which is fixed by Hk,G,T- 
Remark 2.1. We have the following commutative diagram 

^-\vkAG^mur))/k))r — - — - ng{t) 



Ga\{k{Coir))/k) — (Z/o(r)Z)x 

and it is easy to verify that ip~^ {h'k,T{GsA{k{(o{T)) / k))) is the puUback of ipr and Uk^r- 
Its image in Gal(A;(Co(T))/^) is exactly Hk,G,T- 

We start proving some elementary properties of the number fields Ek^cr, which 
will be useful throughout the paper. 

Lemma 2.2. Suppose that G = H yi^Q is the (internal) semidirect product of two 
subgroups, H and Q . Then, for all a & Q, we have 

Ek,G,cr = Ek^g^cr- 

If H is abelian, then, for all t E H , Ek^G,T coincides with the Ek^^^r defined in /3 
Section 3.1]. 

Proof. Let a E Q and let ai E Q , ti E H be such that (JiTi G Ng{o-). Then 

Since aiTia^^, aiar^^a^^a^^ G H and each element of G can be written uniquely 
as a product of an element of H and one of ^, we deduce that 

(airiaf^)(cricrrf V^Vf^) = 1 

and 

Hence (Xi G Ng{a) and v9o-(criTi) = v^<t(o"i). Therefore we obtain 

'^.{NGia)) = i^^Ngia)), 

i.e. 

Ek,G,a = Ek,g,(T- 

The second part of the lemma is trivial. □ 
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Lemma 2.3. Let a E G and n e N. Then 

In particular if t E G generates the same cyclic subgroup as a, then 

Ek,G,a — Ek,G,T- 

Proof. We consider the restriction 

res : Gal{k{Co{a)) / k) Gal(A;(Co(a»))//^) 

and the projection 

TT : (Z/o((j)Z)^ ^ (Z/o(a")Z)\ 
Using that Ng{(j) C Ng{(J^''), we get commutative diagrams 

NG{a) (Z/o(a)Z)x Gal(A;(Co(.))/^) (Z/o(<7)Z)x 

t TT res TT 

iVG(a") ^ (Z/o(a-)Z)x Gal(A;(Co(."))/fc) ^ (Z/o(a")Z)x . 

Therefore -fffe,G,a ^ res"^(i7fc,G,o-"), since 

^res-i(i/,-^„(i/fe,,n(res(i/,-^((/p,(7VG(<7))))))) 
= res-^(i.,-^„(7r(i.,,.(i.,-^((^.(7VG(<7))))))) 
^ res-^(i.,-^„(7r((^.(7Ve(a))))) 
= res-i(i/,-^„(^,n(i(7Ve(a))))) 

^ res-i(i/,-^„((^,n(iVGK)))) = res-i(i/fe,G,a")- 

Now the fixed field of res~^(iffc^G,cr") in ^(Co((t)) coincides with the fixed field oiH^ca" 
in /c(Co((T")); with Ej^^Q^^n. Therefore 

Ek,G,<j'^ ^ Ek,G,a- 

□ 

Lemma 2.4. Let a,T E G, then 

Ek,G,a — Ek,G,TaT-'^- 

Proof. We observe that NG{raT~^) — tNg{(t)t~^ . Further, for any p e Naicr), we 
have 

{rar-^frar-^^^f^-') = (tpt-^)(t(7t-^)(tpt-^)-^ 

i.e. 

Therefore 

and, since clearly z/^ = i'k,TcrT-'^i we conclude that Hk^G,a = Hk^G,TaT-^j ^^^^ therefore 

Ek,G,a = Ek,G,TaT-^- D 
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We recall the following important definition from \iO\ Section 1.2] (see also [U 
Definition 2.8 and Proposition 2.10]). 

Definition 2.5. For any finite abelian extension K/k of number fields, we define 

W{k, K) = Nk/uJk ■ Pk/Pk c a(fc), 

where Jk is the group of fractional ideals of Pk is the group of principal ideals in 
k and the map N^/k is induced by the norm from K to k. For any positive integer 
m, we use the notation W{k, m) = W{k, k{Cm))- 

The following lemma is an immediate consequence of the definition. 

Lemma 2.6. Let L ^ K ^ k be number fields. Then 

W{k,L) C W{k,K). 

Proof. Actually: Ni/kJi = NK/kiNL/xW ^ NK/kJx- □ 

For an integer n and a prime number we will always indicate by n{i) the 
greatest power of I dividing n. For an element a G G of order o((t), we will denote 
by cr(£) the element cr"*-'^-'/''^'^^^^-' , which is of order o(cr)(£). Further we will denote by 
G{f\ the set of all the elements cr G G such that a{tj = a, i.e. of all the elements of 
order a power of i. 

Let A be a subgroup of an abelian group B (written multiplicatively). For t G 

C Q, we set 

^4 _ ({x e A: 3a e A, X = a^} iftGN 
^ ~ \{x e B : 3a e A, x^ = a^'} iit^N.' 

In the above notation, we shall always omit the index B, since it will be clear 
from the context (actually B will be an ideal class group). 

We explicitly remark that in general A ^ (A^)^/^. For example, if A is the trivial 
subgroup of the group B with 2 elements, then (A^Y^^ = B ^ A. 

Lemma 2.7. Let m, n be positive integers. If every prime q dividing n also divides 
m, then W{k,m)"' C W{k,mn). 

Proof. By the assumptions on m and n, we have that 

mCmn) : QiCm)] = = U, 

(p[m) 

and this is a multiple of [A:(Cmn) • ^(Cm)]- Now, for any x G W{k,m), there exists an 
ideal I in k{Cm) such that Nk((^^)/kl is in the class of x. Hence we can conclude that 
x" G W{k,mn), since 

The inclusion W{k, m)" C W{k, mn) follows. □ 
Lemma 2.8. Let A be a subgroup of an abelian group B. If d\m, then A^^"^ C A'^/'^ . 
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Proof. Let x G A™/^. If d is even, then also m must be even, and it is clear that 
X G A'^/^. If d is odd, then x^ e A"^ C A'^, i.e. x G □ 

Lemma 2.9. Lei A he a subgroup of an abelian group B, let mi, . . . ,m„ he positive 
integers and let d he their greatest common divisor. Then 



i=l 



Proof. C By Lemma [2^ we have A""'/^ C A'^^'^ for i = 1, . . . , n. 

3 Let X G A'^/^ and let Ci, . . . , c„ G Z be such that Yl^=i ^i^i — ^- ^ even, 
then also every mj is even, and there exists a & A such that 

71 n 

If d is odd, then there exists a E A such that = a'^. Now let z G {1, . . . , n}. 
If mj is odd, then 

i.e. 

If rrii is even, then 

^Cirrii/d _ ^2cimi/{2d) _ ^dcimi/{2d) _ ^Cimi/2 ^ j^mi/2 

Hence 

n n 



i=l 1=1 



□ 



If G is a group and is a subset of G containing 1, we use the notation S* for 
the subset S* \ {!}. 

Proposition 2.10. Let k he a numher field and let G he a finite group. Then, for 
i = or 1, we have 

n o(T)-i #G T— r -I— r e-i #G 

Wik,Ek,G,r)~'^^ =11 n Wik,Ek,G,a)~'^^. 

reG* i\#G a£G{e}* 

Proof. C Using [SI Lemma 3.16], Lemma 12.81 and Lemma 12.91 (for the first in- 
clusion in the following formula) , Lemma 12.31 and Lemma 12.61 (for the second 
inclusion in the following formula), we see that 

o(t)-1 #G t— r t-l #G 

iy(fc,Efc,G,.)~^ C J] W{k,Ek,G,r)^^ 

£|o(r) 

T— r #G 

C Yl W {k,Ek,G, rie))^™ 

£|o(r) 



c n n wik,Ek,G,a) 

l\#G u(^G{iY 



e-i #G 

2! o((t) 
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^ Let a E G{i}*, where £ is a prime number dividing and set a = a°^'^^^^. 
Clearly 

gcd((.-i)f.(<,w-i)|£)^(.-i)|^. (1) 

Hence, using Lemma \2.3\ Lemma [2.61 and Lemma [2.91 

l~l *G ,«-l#G ^ o(a)-l H^G 

W{k,Ek,G,<r)^~' = W{k,Ek,G,a)^~W{k,Ek,G,a)^^'^ 

o(ct)-1 #G o(ct)-1 #G 

n o(t)-1 #G 

□ 

Definition 2.11. Let /c be a number field and G be a finite group. Then we set 

T— r o{t)-1 #g t— r -I— r «-l #G 

We now come to the principal results of this section. We shall show that the 
classes of primes ramifying in a tame G-Galois extension of k have to satisfy some 
conditions. As a consequence, we will get the inclusion Ri(fc,G') C W{k,G). 

If K/k is a Galois extension of number fields and *P is a prime ideal in we 
denote by D[K/k,''^) (resp. I{K /k,'^)) the decomposition group (resp. the inertia 
group) of ^ in K/k. Further we denote by d{K/k) the discriminant of K over k. 

Proposition 2.12. Let K/k be a tame G-Galois extension of number fields, let p be 
a prime of k ramifying in K/k and let t be a generator of I{K/k,^) , where ^ is a 
prime of K dividing p . Then 

X e W{k,Ek,G,r), 

where x is the class of p in C1(A;). 

Proof. Let ^ be a prime above ^ in K{(^o{t))- In order to show that x G W{k, Ek^G,T), 
we will prove that D{K{(o(T))/k,^i) is contained in GaA{K{(o{T))/Ek,G,T)- It will 
follow that p has inertia degree 1 in Ek^G^r/k, and hence that it is the norm of an 
ideal in Ek,G,T/k. 

Recall that there is a canonical isomorphism between I{K/k.,'*^) and a subgroup 
of the units of the residue field Ksp of K at which is easily seen to be invariant with 
respect to the action of the decomposition group of ^ in K/k (see [191 Proposition 
IV. 2. 7]). Hence contains an element of order o(r) and therefore Ktp = k^, where 
the latter denotes the residue field of K{(^o(t)) at ^. 

Let now 5 G D{K{^r)) /k,")^). Then 5\k G Ng{t), since 5\k G D{K/k,^) and 
I{K/k, ^) < D{K/k, Cp). By definition, 

r'^^(^lK) = {5\K)mK)-' 

and therefore, using the invariance of the above mentioned isomorphism, 5\k (and 
hence also 6) acts as raising to the power (y9^(5|i^) on the subgroup of order o(r) of 
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^. Recalling that the powers of Co(t) are distinct modulo ^ (since ^ f o(r)), 
we get that 

Mr) -'^lW)J-%(r) • 

In particular, t'fc,r(5|A:(^^,^))) = v^rl^k), i-e. 

'^|fc(Co(r)) ^ ^fc,G,r = Gal(A;(Co(r))/£'fc,G,r)- 

Thus 

6 e Gal(ir(Co(.))/^fc,G,r) 
and, since the choice of 5 G D{K{(o{T))/k,''^) was arbitrary, we have 

D{K{Coir))/k,^) C Ga\{K{Coir))/Ek,G,r). 

This shows that x G 1^(A;, i^fc^c^,-). □ 
Theorem 2.13. Let k be a number field and G a finite group. Then 

Mk,G) C W{k,G). 

Proof. Let K/ A; be a tame Galois extension with Galois group G. Its discriminant is 

d{K/k) = Y[p^"'~'^^, 
p 

where the product runs over the primes p of k which ramify in K/k and whose 
ramification index in K/k is denoted by Cp. Note that Cp equals the order of an 
element r generating the inertia group of a prime ideal of K dividing p. 

If G has odd order or noncyclic 2-Sylow subgroups, then d{K/k) is the square 
of an ideal whose class is st{K/k), by [8^ Theorem 2.1]. Hence, in this case, using 
Proposition 12.121 we obtain 



stiK/k) G n Wik,Ek,G,r)'^^ =y^ik,G). 



If G has nontrivial cyclic 2-Sylow subgroups, then by [U Theorem 2.1] and Propo- 
sition 12.121 we only obtain 



st{K/k)e W{k,E,,G,rf^^^''^^^ 



1/2 



i.e., using Proposition I2.10[ 

st{K/kfel[ n W{k,Ek,Gj'~'''^. 
e\#G a&G{e}* 

This means that, for every i\^G and every a G G{i}*, there exists x„ G W{k, Ek^G,u) 
such that 

st{K/kf = n n 

i\#G aeG{tY 
8 



In the above formula, the only odd exponents in the right-hand side are those corre- 
sponding to the elements a G G of order ^G{2) (see the notation after Lemma [2 .Gp . 
For all the other terms we have 

-4^ -I— r -I— r #0 



n n n n ^ 

£\#G aeG{e}* £\#G aGGii}* 

o(a)^#G(2) 



Further 



2 o((t) 



st{K/k) II II Xo 
. i\#G aeG{er 



(tSG: o(cr)=#G(2) 



I °(°") . 



By the Sylow Theorems, all the 2-Sylow subgroups of G are conjugate to a single 
cyclic group, generated, say, by an element a. Hence, for every cr G G of order 
#(7(2), there exists t E G such that {a) = {rar^^). Therefore, by Lemma 1X4) and 
Lemma I2.3[ for all such a, Ek,G,a = Ek,G,a- So we obtain 

st{K/k) II II x~J~^^' G W{k,E,,,G,aY^^. 
i\#G aeG{iy 

o{a)^#G{2) 

i.e. 

si{K/k) G n n W{k,Ek,G,S'^^' = >V(A;,G). 

£|#G o-gG{^}* 

This completes the proof. □ 

Remark 2.14. Using the results of L. McCulloh on realizable classes, one can obtain 
a different proof of Theorem 12. 131 More precisely for a tame G-Galois extension 
K/k, let c\o,.[g]{.Ok) denote the class defined by Ok in the projective class group 
Cl((9fc[G]). Then McCulloh proved that, for every number field k and every group 
G, the set 

R{Ok[G]) = G C\{Ok[G]) : 3K/k tame Galois, Gsl{K/k) = G,do,[G]{OK) = O 

is contained in the kernel of a homomorphism defined on C1(0a;[G]) (see [15]). He 
then used this inclusion to derive an equivalent version of Theorem 12.131 (see |16j). 

One may wonder for which groups the inclusion of the above theorem is actually 
an equality (for every number field k). It is easy to find groups of even order for 
which the inclusion may be strict for some number fields. 

Example 2.15. Let k = Q(i, vTO) and G = C{8) be a cyclic group of order 8. The 
field k{(s) is obtained extending k with a root of the polynomial — i, whose roots 
are (s and C|. Hence 

Gal(A;(C8)/A;) C Gal(Q(C8)/Q) = (Z/8Z)x 

is of order 2 and is generated by the class of 5. In particular it is different from the 
subgroups generated by the class of —5 and by the class of —25. We obtain by [TUl 
II.2.6] that 

Rt{k,C{8)) = W{k,8). 
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On the other hand, it is easy to verify, using Lemma [2?7t that yV{k, C(8)) = W{k, 8) 2 . 
We now show that Rt(fc,C(8)) 7^ W{k,C{8)). Actually, an easy calculation with 
PARI/GP shows that Cl(fc(C8)) is trivial, while C1(A;) is of order 2. It follows that 
Rt(fc,C(8)) = W{k,8) is the trivial group, while W(A;,C(8)) = W{k,8)^ is equal to 
Cl(fc), which is of order 2. □ 

On the other hand, for a lot of groups of odd order, including those for which 
Conjecture 11.11 is known to hold so far, we will show in Sections H] and |5] that the 
inclusion of Theorem l2.13l is indeed an equality (for every number field k). To simplify 
statements in the next sections, we will adopt the following working definitions. 

Definition 2.16. Given a number field F, we will say that an extension K/k of 
number fields satisfies the property P{F) if it is tame, with no nontrivial unramified 
subextensions and such that d{K/k) is prime to d{F/Q). To simplify notations we 
will say that K/k satisfies P{s) if it satisfies P{k{(s))- 

Definition 2.17. We call a finite group G very good if the following conditions hold: 

1. For every number field k, we have 

Rt{k,G) = W{k,G). 

2. For every number field k, for every class x G Rt(/c, G) and every positive integer 
s, there exists a G-Galois extension K/k with Steinitz class x and satisfying 
Pis). 

It is clear that a very good group of odd order is also good, in the sense of [H 
Definition 3.15]. Further it seems reasonable to expect that the second condition of 
the above definition is satisfied for every group G, including those not satisfying the 
first condition. 

With these definitions and in view of the results that will be proved in Sections 
m and [5l it seems natural to ask the following question. 

Question 2.18. Is every group G of odd order very good? 

Of course a positive answer would also imply Conjecture II. II for all groups of odd 
order. 

We do not know the answer to Question I2.18[ but we suspect that it might be 
affirmative. The main point here is to construct tame G-Galois extensions with some 
given Steinitz classes; of course this could be very difficult in general, but in the next 
section we will give some results in this direction. 

3 Constructive inclusion 

In this section we develop some techniques, which we will need in the last two sections 
to construct some tame Galois extensions of number fields with given Galois groups 
and Steinitz classes. 

Let Q he a finite group and let H be an abelian group. Let /i : ^ — t- Aut{H) be 
an action of ^ on i7 and let G be a group such that there exists an exact sequence 

1^ H ^G ^1 (2) 
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and the action of Q on H induced by the conjugation coincides with jj. Let ki be a 
^-Galois extension of a number field k and K/ki an if-Galois extension such that 
K/k is Galois with Galois group G. Let Ck^ be the idele class group of ki. 

Theorem 3.1 (Shafarevich-Weil). With notation and hypotheses as above, the reci- 
procity map ( ,K/ki) : Ck-^ — )■ H induces a map 

which sends the fundamental class u G H'^iQ, C^J to the class of the group extension 
1^. In particular, the image of u is trivial precisely when G is isomorphic to the 
semidirect product H y\^Q. 

Proof. See [HI Theorem 2.110]. □ 

Using Theorem 13. II we can improve the result of [H Proposition 3.13]. In that pa- 
per, the action /i was assumed to be such that H'^{Q, H) is trivial. This assumption 
is satisfied in some particular cases (for example when the orders of H and Q are 
coprime, by a theorem of Schur-Zassenhaus), but of course not in general. We are 
going to use Theorem 13. II to study groups G of the form H yi^Q, where H'^{Q, H) is 
no more assumed to be trivial. The proof will work exactly as in [S], except for some 
details, which are pointed out in what follows; for the unchanged parts we will refer 
the reader to [8]. 

From now on, in this section, G will be of the form H y\^Q, where H is an abelian 
group of odd order. 

Lemma 3.2. Let s he a positive integer and let ki be a tame Q-Galois extension of 
k satisfying P{s). Then there exists a tame H-Galois extension K of ki, such that 
K/k is G- Galois and satisfying the following conditions. 

1. The prime ideals ramifying in K/ki are principal. 

2. si{K/ki) = 1. 

3. K/ki satisfies P{s). 

Proof. Choose a set {^i, . . . ,^t} of prime ideals in ki which are unramified over Q 
and whose classes generate Cl(/ci). Now recall the definition of the so-called content 
map: 

pfoo 

where Ik^ and J^^ are the idele group and the ideal group of ki, respectively. For 
every i G {1, . . . let 7r<p. be a prime element in the completion {ki)<^- and let yi 
be the idele in 1^^ whose component at (resp. at any prime different from is 
TT-Pi (resp. 1). 

Let u : Q X Q ^ Gk^ be a cocycle, whose class in H^{Q, C^J is the fundamental 
class u. Recall that we have an exact sequence 

1 -> H U^/Uk, ^ Gk, A Cl(A;i) ^ 1, 
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where Uk^ is the group of units of ki and Hqj ^ -^fci is the group of unit ideles. 
Therefore, for all couples (pi, P2) G ^ x ^, we can find fpi,p2 ^ Ilfp Ap^,p2,i ^ ^ 

such that u{pi, P2) is represented by fpi,p2 115=1 2/^''^ ''^'^ • 

We add all the elements fpi,p2 to the set {ui, . . . , ut} defined in [8], before Lemma 
3.9. The arguments of [8], Lemma 3.10], with x = 1, give a tame if-Galois extension 
K of ki, which is also Galois over k, and such that the action of ^ on if induced 
by the conjugation is p. Further, by construction, the kernel of the reciprocity map 
( ,K/ki) : — 7- Gal(i^'/A;i) = H contains all the elements u{pi, P2) with pi,p2 G Q- 
Therefore the image of the fundamental class by the reciprocity map corresponding 
to the extension K/ki must be trivial and so, by Theorem 13.11 the Galois group of 
K/k must be isomorphic to H y\^Q. 

Finally, the construction of the proof of [HI Lemma 3.10] implies that the primes 
qi, . . . , q^+i of ki ramifying in K/ki are in the class of x = 1, hence principal. Since 
H is of odd order, we deduce that st{K/ki) = 1, i.e. we have proved conditions 1 
and 2. As for condition 3, it follows, once more by the proof of Lemma 3.10], that 
K/ki has no nontrivial unramified subextensions and that the can be chosen so 
that their restrictions to Q are unramified in fci(Cs)/Q- 

□ 

Lemma 3.3. Let s be a multiple of and let ki be a tame Q-Galois extension of 
k satisfying P{s). For every prime number I dividing and every t G H{i}* , let 
Xr be any class in W{k, Ek^c T-) and let A^-^Bj. be nonnegative integers, with Aj. 7^ 1. 
Then there exists a tame H-Galois extension K of ki, such that K/k is G-Galois 
and satisfying the following conditions. 

1. The only nonprincipal prime ideals of k ramifying in Kjk\ are (for every C. 
dividing and every r G H{£}*): 

(a) qr,i, qr,25 • • • , ^t,a^, in the class of Xr and such that, for any i = 1, . . . , A^-, 
the inertia group of every prime of K dividing ({t- i is a conjugate of {t~^) ; 

(b) qT,yi^+i) qr,Ar+2; iiT' the class of x^^ and such that the inertia group of every 
prime of K dividing qr.A^+i and qT,yi^+2 is a conjugate of (r) . 

2. We have 

1\#Ht(^H{IY 

where l : C1(A;) — > Cl(/ci) is induced by the inclusion k <^ ki. 

3. K/ki satisfies P{s). 

Proof. By Lemma 13.21 there exists a tame ii-Galois extension of fci, such that 
K/k is G-Galois, K/ki is ramified only at principal ideals and it satisfies P{s). 

Since ki/k satisfies P{s), by [8] Lemma 3.4] and Lemma [2.2[ we have for every 
r G H* that W{k, Ek^G,T) = W{k, Zk^^/k^f^^r), where Zk^i^^y^^r has been defined in 
[8]. This observation will allow us to argue as in [HI Lemma 3.11], but replacing 

^fcl/fc,/.,r) with iy(/c,Efc,G,r)- 

As in the proof of Lemma we add all the fpi,p2 (defined in the proof of Lemma 
13. 2p to the set . . . , ut] defined in [8], before Lemma 3.9. Now, for every prime 
number i dividing #ii, for every r G ii{£}* and for every i = 1, . . . ,Ar (resp. 
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i = Ar+i, Ar+2) we choose prime ideals q^.i in the class of Xr (resp. in the class of 
x^'^). For any i = 1, . . . , Ar + 2, we also choose prime ideals Q.r,i in ki dividing the 
qr,i and generators qq^ . of the units of the residue fields kq^ - . As in the proof of [H 
Lemma 3.11], we can assume that the c{r^i are unramified in ki{(s)/Q and in K/ki. 

For every prime number i dividing ^H, for every r G H{i}* and for every 
i = 1, . . . , Ar + 2, we define ipr,i ■ . — )■ if as follows. If Ar is odd, we set 



f o(r) 

r e 



If Ar is even, we set 



if i = 1,2 

if i = 3 

if4:<i<Ar 

Hi = Ar + l,Ar + 2. 



iil<i<Ar 

if i = Ar + l,Ar + 2. 



As in the proof of [8|, Lemma 3.11], using that Xr G i^fc^cr), we can assume 

that the Hr^i and the g^^^ are such that the y^r.i are D(/ci//c, 0^ j)-invariant. Hence, 
for i = 1, . . . , A,- + 2, we extend '^r,i to a ^-invariant homomorphism 



ind 



D(fci/fc,i3,,,)'^53r 



n 



5eg/D{k^/k,C^r,^) 

using the Frobenius reciprocity. We define ipo : — )■ if, setting 



■5{Qr.i) 



for £|#ii, r G ff{£}*, i 
for all the other primes. 



I,..., Ar + 2 and 5 G ^ 



As in the proof of |Sj, Lemma 3.10], we can assume that all the elements Uj are in the 
kernel of <y9o, so that we can extend yjo to a ^-invariant homomorphism Lp : C^^ — )■ H, 
whose kernel contains a congruence subgroup of Ck^. Therefore taking the product 

^■{,k/ki):Ck,^H, 

we get a ^-invariant homomorphism whose kernel contains a congruence subgroup 
and which is surjective, by the assumptions on the ideals q^^i. 

By class field theory (see for example [8j Theorem 2.3 and Proposition 2,4]), we 
obtain a tame ii-Galois extension K oi ki, which is Galois over k. The extension 
K/ki satisfies -P(s), by the assumptions on the prime ideals c\r,i and the fact that 
K /ki satisfies P{s). As in the proof of Lemma [3. 2[ actually GaX{K/k) = G. All the 
requested properties hold, by construction, once more as in the proof of [H Lemma 
3.11]. □ 

For any ^-Galois extension ki of k, we define Iit{ki,k,G) C Cl(/ci) as the set 
of those ideal classes of ki which are Steinitz classes of a tamely ramified ii-Galois 
extension K/ki, such that K/k is G-Galois. 
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Lemma 3.4. Let s be a multiple of and let ki be a tame Q-Galois extension of 
k satisfying P{s). Then 



n n ^iw{k,Ek,G,r))^'^ ^Mki,k,G), 

t\#HT&H{lY 

where l : C1(A;) — )■ C\{ki) is induced by the inclusion k C ki. Further any class 
in the left-hand side of the above inclusion is the Steinitz class of a tame H -Galois 
extension K/ki which satisfies P{s) and such that K/k is G-Galois. 

Proof. Let 

e\#HT&H{e}* e\#HT&H{e}* 

with Xr e W{k, Ek^G,r)- Let o{xr) be the order of x^ G C1(A;). Since any prime i 
dividing is odd, for any r G H{i}*, using ([T]), we can find integers At-.B^ > 1 
such that 

i - 1 #iJ i^H i - 1 jj^H 

A.^^ + 5.(o(r)-l)-^^^-^ (modo(x.)) 



and, in particular, we have 



Ar 2 ^ +Ur(,0{T) ij^j^j 2 o(t) 



Hence we conclude by Lemma 13.31 with Ar and B-r as above. □ 
Theorem 3.5. Let k be a number field and let Q be a finite group of odd order 



satisfying the second condition of Definition 2.17 Let H be an abelian group of odd 
order, let fi : Q ^ Aut(if) be an action of Q on H and let G = H y\^Q. Then 



l\#HTeH{£}* 



2 o{r) 



More precisely, for any class x in the right-hand side of the above inclusion and any 
positive integer s, there exists a tame G-Galois extension K/k with Steinitz class x 
and satisfying P{s). 

Proof. We will prove directly the last assertion of the theorem. Note that it suffices 
to prove it for s big enough. So let s be a positive integer which is a multiple of the 
order of H. Let 



xeMk,g)*''l[ II wik,E,,G,r) 

t\#HT&H{tY 



2 o{t) 



-1 *H 

2 o(t) 



and write x = y*"z*^ with y G Rtik, Q) and z G ]\i\#h Yir^HitY ^ ^k,G 
By the hypothesis on we can find a tame ^-Galois extension ki/k with Steinitz 
class y and which satisfies P{s). 

Further, by Lemma [3.41 there exists an if-Galois extension K/ki, which satisfies 
P{s), which is Galois over k, with Galois group G, and with st(i^'/A;i) = l{z), where 
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L : Cl(fc) — Cl(A;i) is induced by the inclusion k C ki. Then, using a well-known 
formula relating the Steinitz classes in towers of extensions (see for example [TOl 
Proposition 1.1.2]), we get 

st(i^/fc) = st{k,/k)*^N;,^,k{st{K/k,)) = y*''Nk,,Mz)) = V*"" z*^ = x, 

where A^fc^/fc : Cl{ki) — )■ C1(A;) is induced by the norm from ki to k. □ 

Remark 3.6. The techniques described in this section can be extended to groups of 
even order, as in [?]. We have restricted our attention to groups of odd order only 
to have cleaner proofs and statements (as already noticed, there are groups of even 
order which are not very good). However the complications arising from extensions 
of even degree vanish if we assume that the class number of the base field k is odd. 

4 A'-groups of odd order 

In this section we find some slightly more explicit descriptions for the results of [8]. 
In particular we prove that the answer to Question 12. 181 is affirmative for the so-called 
y4'-groups of odd order, whose definition we now recall. 

Definition 4.1. We define A'-groups inductively: 

1. Finite abelian groups are A'-groups. 

2. If ^ is an A'-group and if is a finite abelian group of order prime to that of Q, 
then if ^ is an A'-group, for any action fi : Q ^ Aut{H) of Q on H. 

3. If Qi and Q2 are A'-groups, then Qi x Q2 is an A'-group. 

Proposition 4.2. Let Q be a very good group of odd order, let H be an abelian group 
of odd order prime to that of Q and let : Q ^ Aut(ii) be an action of Q on H . 
Then G = H is very good. In particular abelian groups are very good. 

Proof. Let tt : G — )■ G/H = ^ be the projection. For any ^\ij^Q and any a G G{f\, 
there exists a G G{^} such that 7r((T) = 7r(5"). Further, since a and vr((T) have the 
same order, it is straightforward to verify that 

Hence 

Ek,G,a ^ Ek^g^a 

and, by Lemma [2^ 

W{k,Ek,G,a)^W{k,Ek,g,a). 

We also observe that for i\i^H, H{i} = G{i}. Using Theorem 13.51 (but actually also 
in Theorem 3.19] would work in this case) and the hypothesis that Q is very good, 
we then have: 

Mk, G) D Rt{k, g)*"" n n ^ Ek,G,r)'^^ 

e\#HTeH{e}* 

= n n wik^Ek^g,.)"^^ n n w{k,Ek,G,r)'^^ 

£\#ga€g{£}* £\#HT€H{e}* 

n W{k,Ek,G,.)'^^ ='^{k,G). 

i\#GcTeG{£}* 
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The opposite inclusion is given by Theorem 12 .131 By Theorem 13 . 5 1 and the hypothesis 
that Q is very good, also the second condition of Definition 12. 171 is satisfied by G. □ 

Proposition 4.3. Let Qi, Q2 he very good groups of odd order. Then G = Qi x Q2 is 
very good. 

Proof. Let £ be a prime number, let o"i G Qi{i}, (^2 € ^2{^} be not both trivial. 
Then o{aia2) = max{o(cri), o(o"2)} > 1 and let us assume o{aia2) = o(cri). Clearly 
Ng{o'i(J2) ^ ^g(c"i) and, for every r G NG{cria2), we have 



Therefore 



,G,(7l(T2 



I.e. 



Ek,G,aiU2 ^ Ek,G,ai- 

Using Lemma 12.61 and Lemma 12. 2^ we conclude that 

W{k,Ek,G,.,a,) ' "'"^^^^ ^W{k,Ek,G,.,) ' =W{k,Ek,g,,.,) 2 

and an analogous result holds when o(cricr2) = 0(0-2). Hence, using the hypothesis 
that Qi and Q2 are very good groups of odd order, 

2 o(ct) 



1 #£l4^r -i-r -i-r <-l #§2 M.r 



W(A;,G)= n n 

^|#GcrgG{f}* 

c J] J] w{k,Ek,g,,.s~^^^*'' n n ^^,52,^2 

= Rt{k,gi)*^'Mk,Q2)*^'. 

In particular every class in >V(/i;, G) is of the form xf^^xf^^, where Xi G Rt(/c, ^j) for 
i = 1,2. Now let s be a positive integer: then, since Qi is very good, there exists a 
tame ^i-Galois extension ki/k with Steinitz class Xi and satisfying P{s). Further let 
s be a multiple of s such that all the primes ramifying in ki/k ramify also in k{(s)/k. 
Now, since also Q2 is very good, there exists a tame ^2-Galois extension k2/k with 
Steinitz class X2 and satisfying P{s). The compositum K = kik2 is a tame G-Galois 
extension of /c, satisfying P{s). Since ki and ^2 are linearly disjoint over /c, we have 
d{K/k) = d{ki/k)*^^d{k2/k)*^^ and hence, by Theorem 2.1], 

si{K/k)=x*^^x*^\ 

since and #^2 are both odd. 

Therefore 'W{k,G) C Rj(/c,G) and the opposite inclusion is given by Theorem 
12.131 Actually the above construction also proves the second property characterizing 
very good groups. □ 

Putting things together, we obtain a refinement of Theorem 3.23]. 

Theorem 4.4. Every A' -group of odd order is very good. 

Proof. Obvious, by induction, using the above results. □ 
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5 Groups of order dividing £^ 

In this section, d. is an odd prime. We want to show that the answer to Question 
12.181 is affirmative for all nonabehan groups of order dividing d'^ (the abehan case is 
covered by Theorem 14. 4p . Further the same is true for all groups of order and 
exponent for any positive integer n (these are actually the groups studied in 

i)- 

Lemma 5.1. Let G be an i- group and let t E G* . Set 

o(t) 



^ #(iVG(r)/Cc(r))- 
Then i\er and Ek^cr = k{(e^); in particular Q G Ek^cr- 

Proof. Since the kernel of ipr is the centralizer Cg(t), v9t-(A^g(t)) is the subgroup 
of order ij^iNcir) /Gc{t)) of the £-Sylow subgroup of the cyclic group (Z/o(r)Z)^. 
This already gives ^je,- and we also have 

^.(iVg(r)) = 1 + f''] Z (modo(r)) = l + e.Z (mod o(r)). 

Therefore 

Hk,G,r = Gal(A;(CoM)/A;(CeJ) 

and 

□ 

Proposition 5.2 (Burnside). A group of order i"^, whose center has order i'^, con- 
tains a normal abelian subgroup of order where 



u > + ^2n + - c+^. 

In particular, for n = 3, 4 this becomes 

V >n — 1. 

Proof. This result is shown in |3l Section 4]. □ 

We shall use the above proposition for n = 3,4. For these values of n the result 
actually follows quite easily using standard arguments of the theory of ^-groups. 
From now on we will use the notation C{n) to denote a cyclic group of order n, 
where is a positive integer. 

Lemma 5.3. Let G be a group of exponent I and order where n = 3,4. Then G 
is very good and in particular 



Rt{k,G) = W{k, 



e-l nn-l 
2 ^ 
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Proof. By Proposition I5.2[ there is an exact sequence 

1 ^ ^ G ^ C{i) 1, 

which sphts, since the exponent of G is i. 



Using Lemma Em we get yV{k^G) = W{k, ^ and the proof of the equahty 

Iit{k, G) = W(fc, G) is straightforward, using Theorem 12 . 1 3 1 and Theorem 13.51 (which 
we can apply with Q = G{£) and H = C{i)"'~^, since G{£) is very good by Theorem 

saD. 

Since in particular every x G Rt(fc,G) belongs to the right-hand side of the 
inclusion of Theorem 13.51 it follows by Theorem 13.51 that G satisfies the second 
condition of Definition 12.171 □ 

The above result for n = 3 is actually proved in \V, Corollaire 1.2]. The following 
result slightly improves [HI Theorem 3.8]. 

Proposition 5.4. Let G be a nonabelian group of order i"^ and exponent , where 
n > 2 is an integer. Then G is very good and 

Rt{k,G) = W{k,r'^)^'. 

Proof. As it is well known (and easily verified), G can be written as 

G = (cr, r : a = r =1, oto = ). 

Clearly (r^) equals the center of G, which has therefore order Let p = T°'a^ G G, 
with ^ 1 (resp. cr^ = 1), then r^a'' (resp. r) is an element of the centralizer of 
T°'a^ which is not in the center of G. Thus, for any element p & G, the order of 
Gg{p) is strictly larger than that of the center of G and hence jj^Gcij) is a multiple 
of r-i. Therefore #(iVG(r)/CG(r)) divides i and ^je^, i.e. fc(Co(p)/£) C Efc,G,p, by 
Lemma 15. 1[ 

Hence, using Lemma [2.61 and Lemma [2.71 if £^|o(p), then 

W{k,Ek,G,p)~^^ C W{k,o{p)/l)~^) C W{k,t-'^)^^. 

If p 7^ 1 and (? \ o{p), i.e. o(p) = i, then by Lemma [5TT] we must have Ek^G,p = k{Ci). 
Hence, again using Lemma [2.61 and Lemma [2. 7[ 

w{k,Ek,G,p)^^ = w{k,e)^'"'" c w{k,r~^)^' c i^(A;,r-2)^'. 

Further, we have Ng{t) = G and Gg{t) = (r) and therefore, by Lemma [5. 1[ 

W{k,Ek,G,r)~'^ =W{k, 

Therefore 



(^"-2^V 



e-i 



W{k,G) = n W{k,Ek^G,p)~'^' = W{k,Eu^G,r) 

p&G* 

We easily conclude by Theorems 12. 131 [3751 and 1^7^ as in the proof of Lemma [5.31 □ 

Lemma 5.5. Let G he a nonabelian group of order £^ and exponent i'^. Let r G 
G be of order i"^ and such that i^{NG{T)/GG{T)) is maximal. Then }V{k,G) = 

w{k,Ek,G,ry-^'"- 
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Proof. For any a G G of order £, using Lemma I5.H Lemma 12.71 and Lemma \2.Q\ we 
have 

Further for any a G G of order we have #(iV(.(a)/CG(fT)) < ^{Ng{t)/Cg{t)), 
i.e., by Lemma [5TT| Ek,G,cr ^ E^^cr, and hence, by Lemma [221 

Therefore 

^(^,6-) = n w{k,Ek,G,p)'^'^ = w{k,Ek,G,ry-^'". 

peG* 

□ 

Lemma 5.6. Let G be a (nonabelian) group of order i'^ and exponent i"^ . Then there 
exists a normal abelian subgroup H of order and an element t & G of order i"^ 
maximizing i^{NG{T) / Cg{t)) , such that we have one of the following possibilities: 

1. reH andG^ H ^G{t). 

2. G^ (r) X C{e). 

3. T ^ H and there exists a\ G Ng{t) \ (r) of order i, which acts trivially (resp. 
nontrivially) on t if Ng{t) = Cg{t) (resp. if Ng{t) ^ Gg{j)). 

Proof. Let o" G G be an element of order which maximizes ^{NG{cr)/CG{c)); 
since, by Lemma [5.11 i divides 

_ o{a) _ e 

mG{cr)/CG{a)) ~ mG{^)/CG{a)y 

we have that ij^{NG{cr) / Gg(o")) divides £. We will study separately the cases i^CG{cr) > 
and #Gg((t) = f. 

• If 4^CG{cr) > i'^, then we set if to be a subgroup of order of ^^(cr) containing 
a. Clearly H is abelian and normal, being of index i, and we have an exact 
sequence 

l^H ^G^ G{i) 1. (3) 

There are three cases, corresponding to the three possibilities in the statement 
of the lemma. 

1. Sequence ([3]) splits. Then we set t = a E H and we have G = H y\ C{i). 

2. Sequence ([3]) does not split and i^{NG{cr)/GG{cr)) = i. In this case 
Ng{c) = G, Ccicr) = H and we consider an element p & G \ H . If 

p) = (?, then (cr, p) = G(£^) x G{tj and there would exist an ele- 
ment of order C in Ng^ct) \ Cg{o-) = G\H, contradicting the assumption 
that ([3]) does not split. Therefore (cr, p) = G and, setting r = cr, we get 
G=(r)x(p). 
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3. Sequence ([3]) does not split and ^{Ng{o-) / Cg{o-)) = 1. In this case, by the 
assumption of maximahty, an analogous condition holds for every element 
of order i"^. So we can take r to be any element not in H, since it must 
be of order i"^ because of the nonsplitting of Further let if be a 
subgroup of order of Ng{t) = Cg{t) (which has order at least i^, since 
r is of order and containing r. Clearly H is abelian and we can find 
an element ai of order i in H \ {t) C Ndr) \ (r). In particular ai acts 
trivially on r. 

• If i^Ccicr) = i.e. Cg((x) = (a), then #A/'g((t) = ^^ since it must be 
at least being strictly larger than (a), and Ncicr) cannot be G, since 
^{NG{o')/CG{cr)) divides i. By Proposition 15.21 there exists an abelian sub- 
group H < G oi order i^. Clearly a ^ H, since ^Cg{(^) = ■ Further Ng{(t) 
is nonabelian of order £^ and exponent f', so there exists ai G Ng{<j) \ (o") of 
order £, acting nontrivially on a. Hence we are again in case 3, taking r = a. 

□ 

Lemma 5.7. Let G he of the first or second type described in Lemma \5. & . Then G 
is very good and 

Rt{k,G) = W{k,Ek,G,r)'^'\ 
where r E G is as in Lemma \5. 61 

Proof. By Lemma ESI we have W{k,G) = W{k, Ek^G,T)^^^ ■ By Theorem 13. 5[ with 
Q = G{i) or C(£^) (note that both are very good groups by Theorem 14. 4p . we obtain 

W{k,G) = W{k,Ek,G,r)'^'' C Rt{k,G). 

The opposite inclusion is given by Theorem 12.131 The second condition of the defi- 
nition of very good groups is immediate, as in the proof of Lemma [5.31 □ 

Lemma 5.8. Let G be of the third type described in Lemma 13761 Then G is very 
good and 

Rt{k,G) = W{k,Ek,G,r)'^'\ 
where t E G is as in Lemma \5. 61 

Proof. By hypothesis there exists a normal abelian subgroup H oi G of order 
and an element t E G \ H of order i"^ maximizing j^{NG{T)/GG{T)). We can also 
find an element ai G Ng{t) \ (r) of order i and acting trivially on r if and only if 
NciT) = Cg{t). Let Q be the subgroup of G generated by cxi and r, which must be 
of the form C(^^) x C(£), possibly with trivial action. Clearly there exists an integer 
a such that airaf^ = r^^""^ (since the order of the conjugation divides i). Since 
T ^ H, we have that tH generates G/H; in particular, ai = ar^, for some a G H* 
(not necessarily of order i) and 6 G N. We also have 

GTG = T 

For later use, we note that, since Q has order and exponent i"^, there must exist 
c G {0, 1, — 1} such that = t'^ (an easy calculation shows that c = —6, but 

we won't need it), so that we have 

y = \o, T . T = a T = i, ara = t ). 
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We now consider the (abstract) group Q, generated by a and f, satisfying the same 
relations as a and r in ^. We also consider the element ai & Q, corresponding to 

We define an action /i : Q ^ Aut{H) by setting, for any h & H, 

'^{f){h) =rhr-^ 
n{cr){h) = aha~^ — h. 

We consider the semidirect product 

For every couple hi,h2 of elements of H, we want to define a surjective homomor- 
phism 7T : G ^ G, such that 7r(/iif) and 7r(/i2T) are both of order i"^ and ker(7r) fl H 
is trivial. There are two cases: 

1. For every h & H, hr is of order i"^. 

In this case we define tt : G — )■ G by removing tildes. Then tt is clearly a 
surjective homomorphism, 7r(/if) = hr has order £^ for any h & H and ker(7r) 
has trivial intersection with H. 

2. There exists an element ho & H such that hoT is of order i. 

Note that in this case, if for example hi = ho, we cannot define vr simply by 
removing tildes because n{hof) = hoT would have order i. Then we proceed as 
follows: by assumption, 

J]r%T-MT^ = l, i.e. J](r%T-0 = T-f 

It follows that, for any j G Z, 

Now, for any j £ we want to define a homomorphism tTj : G — >■ G by setting 

T^.{t) = h^T 

%j{h) = h,yhe H. 
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We have to verify that the definition is compatible with the relations of G: 



) 

'2 l>2f 



= n,{l). 

So, for any j & 7j, Hj : G G is indeed a homomorphism, which is clearly 
surjective and whose kernel has trivial intersection with H. Now let hi, h2 be 
two elements in H. We want to choose j such that 7Tj{hif) and 7rj(/i2T) are 
both of order For i = 1,2, we can find h'^ E H such that {hifY = h[f^. 
Then, for i = 1,2, 

TrMr') = KiKrY = hy^'-^\ 

Since h^^^-^'^ h'^^^-^^^ if ji ^ j2 (mod £), we have at least £ - 1 > 2 
choices for j such that TTj{h[f^) 7^ 1. Among those choices, at least £ — 2 > 1 
give also T^jih^f'-) 7^ 1. 

Hence, in both cases, for every couple hi, /i2 of elements of H, we have defined a 
projection n : G ^ G, such that 7r(/iif) and n{h2f) are of order £^ and ker(7r) has 
trivial intersection with H. With this in mind, we start constructing the extensions 
needed to prove the lemma. 

Let A; be a number field, let x G W{k, E^^cr) and let s be a positive multiple of 
(this hypothesis will be used later to apply Lemma 13731) . Since i is an odd prime, 
there exist integers A,B>1 such that 

iA + 2{i+l)B = 1 (modo(x)) 

and, in particular, we have 

^eA+2{£+l)B ^ ^ 

By Lemma [3.21 there exists a tame C(£)-Galois extension ko/k ramified only at 
principal ideals and satisfying P{s). Since ^ = (f) x (5"i), possibly with trivial action, 
and thanks to our assumption on (Xi, we have x G W{k, Ek,G,T) = W{k, E/^ g So 
we can apply Lemma 13.31 (with Xf = x, Xp = 1 for every p G {f)* \ {f}, = 
and Bf = B) and construct a tame C(£^)-Galois extension ki/ko, such that ki/k is 
^-Galois and it satisfies the following conditions. 

• The only nonprincipal prime ideals of k ramifying in /ci/Zcq are pi,p2 in the 
class of x^ and the inertia group of every prime of ki dividing these pi is (f) 
in ^ = Gal(fci/A;) ((f) is invariant by conjugation, since it is normal in Q); 
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• ki/ko satisfies P{s). 

Now we want to construct an if-Galois extension K/ki. By Lemma [2.61 and Lemma 
[5H we have x G W{k,Ek,G,T) ^ W{k,£) = W{k,E^^^ p) for every p e H oi order H. 
Hence again we can use Lemma 13.31 (with Xp^ = x, for a certain po ^ H* of order 
i, Xp = 1 for every p G H* \ {po}, ~ ^ ^'^'^ -^po ~ 0) ^'^ ^ tame iJ-Galois 
extension K/ki, such that K/k is G-Galois and satisfies the following conditions. 

• The only nonprincipal prime ideals of k ramifying in K/ki are ps, . . . ,Pa+2 in 
the class of x and the inertia group of every prime of K dividing these pt is 
generated by a conjugate of po in G = Gal{K/k). 

• K/ki satisfies P{s) (in particular it follows that {pi, p2}n{p3, . . . ,Pa+2} = 0)- 

Let us consider two prime ideals *Pi and of K dividing pi and p2 respectively. 
Their inertia groups in the extension K/k must be generated by elements of the form 
hif for some hi & H, i = 1, 2. We consider a projection tt : G — ^ G for which 7r(/iif) 
and 7r(/i2T) are both of order i"^ and such that ker(7r) has trivial intersection with H. 
We call K the fixed field of ker(7r). By construction the ramification index of pi and 
p2 in K/k is Further the inertia group of the primes of K dividing ps, . . . ,Pa+2 
lies in H, which has trivial intersection with ker(7r). Therefore p3, . . . , pA+2 ramify 
in K/k, with ramification index £ and all the other ramifying primes are principal. 
Hence the discriminant of K/k is 

A-\-2 

d{K/k)=ip,p,Y^'-^^^'i[pr'''i^ 

1=3 

where J is a principal ideal. Hence, by [H Theorem 2.1], the Steinitz class is 

St{K/k) = ^B(i--ir+Ai^i^ ^ ^-l,2(2(,+i)B+M) ^ 

Hence, recalling also Lemma 15. 5[ we have 

W{k,G) = W{k,Ek,G,r)'^'' C Rt{k,G), 
We conclude, by Theorem I2.13[ that 

Rt{k,G) = W{k,G). 

As in the proof of Lemma 15. 3[ the second condition of Definition 12.171 holds, since 
the extensions we have constructed all satisfy P{s') for every s' dividing s. □ 

Theorem 5.9. Let i be an odd prime. Then every group of order dividing i"^ is very 
good. In particular 

Rtik,G) = Wik,G). 

Proof. If G is abelian, the theorem is a consequence of Theorem 14.41 So suppose 
that G is nonabelian. If G is of exponent i, then the theorem follows from Lemma 
15.31 If G is of order i"' and exponent for n = 3,4, then the result is given 

by Proposition 15.41 We are therefore left with the case where G has order and 
exponent £^ and we conclude by Lemma 15. 6[ Lemma 15.71 and Lemma 15.81 □ 
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